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For many chemical systems consisting of particles, liquid droplets, or gas bubbles
( )undergoing concurrent re®ersible aggregation and fragmentation in a stirred immisci-

ble fluid, e®olution of the particle distribution and mixing of chemical species are impor-
tant fundamental issues. A dynamic model for dispersi®e mixing systems presented here

( )illustrates the time dependence of the particle-size distribution PSD and the tracer
( )mass distribution TMD . For rapid tracer diffusion, the population balance equations

( ) ( )PBEs for the PSD and TMD are identical only the initial conditions differ for binary
aggregation and fragmentation rate coefficients that do not depend on particle size or
tracer mass. The integrodifferential PBE is sol®ed by a numerical method, and results
agree with the moment solution. Measures for the degree of tracer mixing are related to
the ®ariance or polydispersity index and to the mixing entropy. The kinetics are re-
®ersible, allowing the PSD, TMD, and mixing entropy to approach stationary states.
Results are partially compared with a similarity solution for the PSD.

Introduction

When agglomerating particles, liquid droplets, or gas bub-
bles are mixed in a stirred immiscible fluid, they generally

Ž .undergo concurrent breakup fragmentation and aggregation
Ž .coalescence . An initial size distribution of such particles,
droplets or bubbles, henceforth, generically called particles,

Ž .will evolve to a steady-state particle-size distribution PSD
that depends on the properties of the system, and in particu-
lar, on the breakage and coalescence rates. The central issue
is to determine the PSD as a function of time, given the
properties of the system and an initial condition for the PSD.
The zeroth, first, and second moments of the PSD provide
the number of particles, their mass, and their number- or
mass-average size as functions of time. Particle breakage and
coalescence events are governed by rate and stoichiometric
coefficients based on binary processes. Thus, two particles
are combined by aggregation, and two daughter particles are
formed by fragmentation. The time evolution and final sta-
tionary state will depend on the energy input and turbulence
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Ženergy spectrum as determined, for example, by impeller
. Ž .speed , fluid properties viscosities, interfacial energies , and

Ž .mixer geometry dimensions of vessel, impeller, and baffles .
These influences are assumed to be embodied in the break-
age and coalescence rate coefficients.

A chemical species, or tracer, concentrated in an initial
fraction of the particles will become dispersed among the
continuously forming new particles as the tracer is trans-

Ž .ferred from one into two particles by binary fission breakup ,
and is combined from two particles into one by binary fusion
Ž .coalescence . We assume that the breakage rate is slower
than the time for the tracer to diffuse throughout a new par-
ticle formed by aggregation of two particles having a differ-
ent tracer concentration; thus, the tracer in an aggregated
particle will be uniform prior to particle fragmentation. This
resembles but simplifies a mixing process based on stretching

Ž .and folding of stratified layers Ottino et al., 1992 . The pro-
cess incorporates alternating separation and contacting, which
are analogous to breakup and coalescence, respectively. If the

Ž .particles are immersed in a well-stirred turbulent fluid
medium, the particles are dispersed randomly throughout the
medium, thereby manifesting temporal but not spatial depen-
dence.
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In a perspective on modeling the hydrodynamics of multi-
Ž .phase flow reactors, Sundaresan 2000 stressed the impor-

tance of fluid�solid, gas�liquid, and liquid�liquid interac-
tions, and referred to the challenges in treating coalescence
and breakup. In any mixing process, the rate mechanism is
necessary to calculate the time required to mix materials un-

Ž .der different conditions Weidenbaum, 1958 . Valentas and
Ž .Amundson 1966 were among the first to model mathemati-

cally the breakage and coalescence of droplets, and their
model was applied to steady-state drop-size distributions
Ž .Chatzi and Kiparissides, 1995 . Coulaloglou and Tavlarides
Ž .1977 proposed models for agitated liquid�liquid dispersions
that described the effect of impeller speed on maximum sta-
ble drop size for drops greater than the turbulence mi-
croscale. A tracer method to acertain a degree of mixing
among dispersed particles was introduced by Church and

Ž . Ž .Shinnar 1961 . Prince and Blanch 1990 described experi-
ments and a Monte Carlo theory for turbulent gas�liquid dis-
persions. Tracer gases in the bubbles were used to measure
coalescence and breakage events. To model the degree of
breakup, the theory was based on an assumed maximum sta-
ble size for bubbles. Tracer methods also have been used suc-

Ž .cessfully in precipitation Ilievski and White, 1995 and gran-
Ž .ulation Pearson et al., 2001 experiments. Hounslow et al.

Ž .2001 provided a general population balance approach that
is consistent with the present work, as we explain below. Ram-

Ž .krishna 2000 recently reviewed theory and applications of
population balances to particulate systems, emphasizing simi-
larity behavior.

Ž .Madras and McCoy 2002 demonstrated how PBEs incor-
porating both fragmentation and aggregation can be solved
numerically for general power-law size-dependent rate coeffi-
cients and arbitrary stoichiometric coefficients. Solutions for
such reversible PBEs were shown to evolve to unique station-
ary states that approximated self-similar distributions in many
cases. Earlier, an exact similarity solution was provided for
the reversible random-fission PBE when the fragmentation

Žrate coefficient was proportional to particle mass McCoy and
.Madras, 1998 . The midpoint-fission PBE provided a similar-

ity solution for the first three moments, but not for the com-
plete distribution. Whereas most discussions of similarity so-
lutions have been restricted to irreversible fragmentation
ŽGoren, 1968; Spicer and Pratsinis, 1996; Ziff, 1991; Ram-
krishna, 2000; Muzzio et al., 1991; Kostoglou and Karabelas,

. Ž2001; Ottino et al., 1992 , or irreversible aggregation Cohen,
1992; Aizenman and Bak, 1979; Friedlander and Wang, 1966;

.Family et al., 1986 , the more general theory takes on the
reversible case. Of course, the irreversible special cases must
be retrievable as limits of the general reversible model.

The concept of a maximum stable particle size has influ-
enced modeling efforts for liquid� liquid dispersions
Ž .Kostoglou and Karabelas, 2001 and has been used to bol-
ster the irreversible theory. In essence the turbulence spec-
trum is assumed to have a limiting energy level so that
droplets smaller that the maximum stable size cannot be bro-
ken. In fact, however, the turbulence spectrum is not sharply
bounded, and fluctuations of a broad energy distribution

Ž .should be expected Lam et al., 1996 . Moreover, according
to the irreversible notion, breakage always dominates when
droplets are dilute, so that coalescence need not be ac-
counted. This assumption becomes less applicable when the

particle concentration increases with time in fragmentation-
dominated systems, and the probability of coalescence, being

Ž .second-order in concentration, increases. Ottino et al. 2000
suggested that for dispersed phase-volume fractions above
0.005, coalescence can be important. In our view, as time in-
creases to large values, the coalescence rate becomes compa-
rable to the fragmentation rate, and should not be ignored as
the dynamic reversible stationary state is approached. Con-

Ž .cern was expressed Kostoglou and Karabelas, 2001 about
the quantitative determination of the maximum stable drop
size, because of the perception that steady state may not be
attainable during practical experimental time periods. Exper-
iments were cited to show that measured maximum drop size
continued to decrease over very long mixing times. It was also
suggested that observation of self-similarity for drop-size dis-
tributions was incompatible with a maximum stable drop size.
Here we treat the case when the stable particle size is negli-
gibly small. Appreciable minimum particle sizes can be han-
dled similarly to minimum-MW oligomer products in macro-

Ž .molecular degradation Madras and McCoy, 2001 .
The neglect of coalescence is valid when the system is

specifically stabilized, for example, by adding protective col-
Ž .loids Church and Shinnar, 1961 . For experiments with un-

stabilized droplets, a straightforward test for coalescence is
to add some dyed drops to the distribution. If all or a large
number of drops are dyed after a time, then coalescence must
have occurred to cause the observed mixing. Church and

Ž .Shinnar 1961 , reporting such an experiment in an unstabi-
lized liquid�liquid dispersion, found that intermixing was
complete within minutes. In principle, the rate of mixing in
the particles provides information about the relative effects
of fragmentation and coalescence. The mathematical under-
standing of such mixing, needed for quantitative interpreta-
tion of the experiments, has not been conclusively resolved.

The goal of the current work is to determine the evolution
Ž .in time of the PSD and the tracer mass distribution TMD

from the given initial conditions to the final stationary states.
More generally, reactant species will react with each other or
diffuse out of particles and react with components in the sur-
rounding fluid medium. Although the inert-species mixing
problem addressed here lumps the detailed physics into the
fragmentation and aggregation rate parameters, it has the ad-
vantage that it can be completely solved for various initial
and rate conditions, evolves realistically in time, and, thus,
can provide insights into general mixing processes beyond the
specific problem considered.

We begin by writing the population balance equations for
the PSD and for the TMD, and show how they can be solved
in a dimensionless form. The moments of the PSD and TMD
are quantities derived from the PBE solutions that relate to
observable characteristics of physical systems. The solutions
allow consideration of mixing entropy for both PSD and
TMD. The PBEs have solutions that provide realistic results
when the rate coefficients are independent of particle size.
When the fragmentation rate coefficient is proportional to
particle mass, and if the initial distribution is of an exponen-
tial form, the PBE obeys a similarity exponential solution
throughout its evolution to steady state. This special solution
permits particularly straightforward computations of observ-
able moments and time-dependent entropy. Degrees of mix-
ing are determined by comparison metrics for the PSD and
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TMD, in particular how their variances or statistical entropy
values are related.

Distribution Kinetics
We consider the PSD and TMD of the same particles. The

Ž .PSD is defined so that p x,t dx is the number of particles at
Ž .time t in the mass range x, xqdx . If � is the mass fraction

of tracer in a particle, then zs� x is the tracer mass in the
Ž .particle. The TMD can be defined such that c z,t dz is the

number of particles at time t with tracer in the mass range
Ž .z, zqdz . It follows that mass moments can be defined for
js0, 1, 2, . . . as

�
Ž j. jp t s p x ,t x dx 1Ž . Ž . Ž .H

0

and

�
Ž j. jc t s c z ,t z dz 2Ž . Ž . Ž .H

0

The number of particles must be the same for the two distri-
butions

pŽ0. t scŽ0. t 3Ž . Ž . Ž .

Ž1.Ž . Ž1.Ž .The mass of particles, p t , and mass of tracer, c t , lead
avgŽ .to the definition of average particle mass, p t s

Ž1.Ž . Ž0.Ž . avgŽ .p t rp t , and average tracer mass in the particles, c t
Ž1.Ž . Ž0.Ž .sc t rc t . Second moments provide measures of the

PSD or TMD breadth, such as variance, cvarscŽ2.rcŽ0.y
Ž avg.2 p d Ž2. Ž0. Ž1.2c , or polydispersity, c sc c rc .

When fragmentation and aggregation are uncorrelated, the
reversible binary processes can be represented as

Ž .k xb � �66P x P x qP xy x 4Ž . Ž . Ž . Ž .
�Ž .k x , xy xa

Ž . Ž �.where k x and k x, xy x represent the rate coefficientsb a
Ž .for fragmentation breakage and aggregation, respectively.

Recognizing that the tracer mass fraction, � , is transported
along with the particle mass, and assuming that the tracer
does not affect the rates, we postulate a process similar to
Eq. 4 for the tracer mass. Satisfying a mass balance as in Eq.
4, the process for tracer mass can, thus, be written as

Ž .k xb � �66C z C z qC zy z 5Ž . Ž . Ž . Ž .
�Ž .k x , xy xa

We assume the tracer mass is uniform throughout the parti-
Ž .cles by its high diffusivity Hounslow et al., 2001 , and is, thus,

proportional to the particle mass. But the rate coefficients
depend on particle mass, x, and not on tracer mass, z, as
indicated in Eq. 5.

The governing PBE is first order for fission and second
Ž .order for fusion McCoy and Madras, 1998

� p x ,t r� tsyk x p x ,tŽ . Ž . Ž .b

�
� � � �q2 k x p x ,t � x , x dxŽ . Ž . Ž .H b

x

�
� � �y2 p x ,t k x , x p x ,t dxŽ . Ž . Ž .H a

0

x
� � � � �q k x , xy x p x ,t p xy x ,t dx 6Ž . Ž . Ž . Ž .H a

0

The PBE, Eq. 6, reduces to pure fragmentation or pure ag-
gregation, respectively, when k or k vanish. The stoichio-a b

Ž �.metric kernel, � x, x , gives the product mass distribution
for the binary fission and satisfies symmetry and normaliza-

Ž �. Ž �.tion conditions, so � x, x s� z, z . McCoy and Wang
Ž .1994 proposed a general fragmentation stoichiometric ker-
nel that can represent the entire range of product distribu-

� Ž � .tions from random to midpoint fission, 1rx and � xy xr2 ,
respectively. For a well-stirred fluid the aggregation rate co-
efficient should be relatively independent of the masses of

Ž �the coalescing particles, thus, in the present work we let k x ,a
�.xy x sk , a constant. The breakage rate will increase witha

the size of the fragmenting particle in general, for example,
� Ž .as x , but if we consider k constant �s0 , the issue of howb

k depends on x andror on z is immaterial. Our assumptionb
of mass-independent breakage coefficients is presented as a
simplifying special case that permits quantitative analysis of
issues that would be obscured by more complicated models.

Ž .Hounslow et al. 2001 have recently provided a general PBE
for a bivariate distribution of particle mass and tracer con-
centration. For rate coefficients independent of particle mass,

Ž . Ž .the present balance equations for p x,t and c z,t can be
obtained simply by integrating their PBE over z and x, re-
spectively.

It is not only convenient but instructive mathematically to
make the equations dimensionless. The rate coefficient,
Ž .k x , requires that its x dependence be included in the scal-b

ing procedure. If one defines the reference rate coefficients
avg Ž avg.for xs p , such that k sk xs p , then we can writeo bo b o

Ž .the dimensionless quantities Madras and McCoy, 2002

� 	 sk x rkŽ . Ž .b bo


 sk pŽ0.rka o bo

�s tk 7Ž .bo

We scale the distributions with the initial quantities, pŽ0. ando
pavg, as followso

	 s xrpavg
o

P 	 ,� d	 s p x ,t dxrpŽ0.Ž . Ž . o

P 	 ,� s p x ,t pavgrpŽ0.Ž . Ž . o o

P Žn. � s pŽn. t rpŽ0.pavg nŽ . Ž . o o

� 	 ,	 � s� x , x� pavg 8Ž . Ž . Ž .o
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Ž .Similar nondimensional operations can be applied to c z,t


 s zrcavg
o

C 
 ,� d
 sc z ,t dzrcŽ0.Ž . Ž . o

C 
 ,� sc z ,t cavgrcŽ0.Ž . Ž . o o

C Žn. � scŽn. t rcŽ0.cavg nŽ . Ž . o o

� 
 ,
 � s� z , z� cavg 9Ž . Ž . Ž .o

We multiply Eq. 6 by pavgrpŽ0.k and rearrange to obtaino o bo
the dimensionless PBE

� P 	 ,� r��sy� 	 P 	 ,�Ž . Ž . Ž .
�

� � � �q2 � 	 P 	 ,� � 	 ,	 d	Ž . Ž . Ž .H
	

�
� �y2 P 	� 
 P 	 ,� d	Ž . Ž .H

0

	 � � �q
 P 	 ,� P 	 y	 ,� d	 10Ž . Ž . Ž .H
0

Ž .The jth moments for a scaled distribution P 	 ,� are de-
fined as

�
Ž j. jP � s 	 P 	 ,� d	 11Ž . Ž . Ž .H

0

Ž .and similarly for the TMD. If� 	 is constant, then the PBE
Ž .for the TMD is identical to Eq. 11 with C 
 ,� replacing

Ž . Ž . �P 	 ,� . More generally, we let � 	 s	 in the following.
The moment operation is applied to Eq. 11 to give the mo-

Ž .ment equations Madras and McCoy, 2002

dP Ž j.rd�syP Ž jq�.q2Z P Ž jq�.
jm

j
jŽ jq�. Ž0. Ž jyd. Žd.y2
 P P q
 P P 12Ž .Ž .Ý d

ds 0

Žj . Ž .where is the binomial coefficient and Z is 1r 1q j ford jm
random and 1r2 j for midpoint fission. The moment equa-
tions for js0, 1, and 2 are

dP Ž0.rd�s P Ž�.y
 P Ž0.2 13Ž .

dP Ž1.rd�s0 14Ž .

dP Ž2.rd�sy 1r� P Ž2q�.q2
 P Ž1.2 15Ž . Ž .

The fragmentation stoichiometry affects only the second mo-
ment through Eq. 15, where � s3 for random fission and 2
for midpoint fission. Equation 14 ensures that particle mass
is constant with time.

Ž .The limiting case of k s0 fragmentation only gives 
 s0,a
Ž .so that Eqs. 13�15 reduce to McCoy and Madras, 1998

dP Ž0.rd�sP Ž�. 16Ž .

dP Ž1.rd�s0 17Ž .

dP Ž2.rd�sy 1r� P Ž2q�. 18Ž . Ž .

When ��0, there is no closure for the second moment, Eq.
18. When no fragmentation occurs, we set k s0, so thatbo
Eqs. 13�15 reduce to

dP Ž0.rd� syP Ž0.2 19Ž .

dP Ž1.rd� s0 20Ž .

dP Ž2.rd� s2 P Ž1.2 21Ž .

where � s tk pŽ0.. Equations 19�21 can be solved directly be-a o
cause they are independent of �. It can be shown that the
average particle size is a linear function of time and the limit-

Ž .ing polydispersity is equal to 2 McCoy and Madras, 1998 .
For �s0 we employed a direct discretization technique to

Ž .solve the PBE, Eq. 10. The domain of indefinite size 0,�
was converted to a finite interval by the mapping function,

Ž .	 sayr 1y y , where 0F yF1. This function guarantees that
the grid is fine in the operating range of sizes and coarse at
very high and very low sizes, where the number concentration
of the particles is small. A finite difference scheme was ap-
plied to discretize the derivatives of the variables y and � .
The integrals in the PBE and the moments of the PBE were
evaluated by Simpson’s rule. The variable y was divided into
5,000 intervals, and the � time step was set at 0.001. These
values ensured stability and accuracy of the numeric scheme
for solving the PBE and for calculating moments from the
results.

The moment equations for �s0 are

dP Ž0.rd�s P Ž0.y
 P Ž0.2 22Ž .

dP Ž1.rd�s0 23Ž .

dP Ž2.rd�sy 1r� P Ž2.q2
 P Ž1.2 24Ž . Ž .

Equation 22 shows that breakage is first order and coales-
cence second order in particle number density for both parti-
cle mass and tracer mass. Equation 23 shows particle and
tracer mass conservation. Equation 24 indicates that random
Ž . Ž .� s3 or midpoint fission � s2 influences the second

Ž .moment McCoy and Madras, 1998 . Equations 22�24 can be
solved exactly for initial conditions, P Ž0.s P Ž1.s1 and arbi-o o
trary P Ž2.

o

Ž0. � �P � s e r 1q
 e y1 25Ž . Ž . Ž .

P Ž1. � s P Ž1. 26Ž . Ž .o

P Ž2. � s P Ž2.y2�
 ey�r�q2�
 27Ž . Ž .Ž .o

2p d Ž0. Ž2. Ž1.P � sP � P � r P �Ž . Ž . Ž . Ž .
Ž2. y�r� � �s P y2�
 e q2�
 e r 1q
 e y1 27aŽ . Ž .Ž .o

Moments equations for TMD are identical, with C replacing
P. The limits as �™� yield the stationary solutions, P Ž0.seq
1r
 , P Ž1.sP Ž1., P Ž2.s2�
 , so, P avgs
 and P pds2� . Theeq o eq eq
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time dependences for C and P are different, however, be-
cause the initial conditions for second moments are in gen-
eral different.

The time-dependent mixing entropy for the tracer dis-
tributed among the particles has the standard statistical defi-

Ž .nition Reif, 1965

S � s s � rRŽ . Ž .TMD TMD g

�
Ž0. Ž0.sy C 
 ,� rC � ln C 
 ,� rC � d
 28Ž . Ž . Ž . Ž . Ž .H

0

where S is entropy in units of the gas constant, R . A similarg
Ž .definition for P 	 ,� provides a measure of how entropy

changes as particles aggregate andror fragment,

�
Ž0. Ž0.S � sy P 	 ,� rP � ln P 	 ,� rP � d	Ž . Ž . Ž . Ž . Ž .HPSD

0

29Ž .

These expressions provide dimensionless entropy per parti-
Ž0. Ž0.Ž .cle, and are multiplied by R p P � to obtain the totalg o

entropy of mixing. The difference of the entropies for the
TMD and the PSD represents tracer mixing entropy relative
to entropy for the same aggregation�fragmentation process
without tracer

�SsS yS 30Ž .TMD PSD

and serves as a measure of mixing.
Other measures of mixing can be defined by the relative

polydispersity of the tracer and particle mass, for example

R sC pd � rP pd � 31Ž . Ž . Ž .pd

which will approach unity as the tracer becomes evenly dis-
tributed among the particles. The polydispersity index is sim-

var Ž pd . avg 2ply related to the variance as P s P y1 P , so the
varŽ . varŽ .ratio of variances, C � rP � , also shows the degree of

mixing and approaches unity in a long time. These measures
of mixing are easy to compute, as they involve only the three
moments of the TMD and PSD.

Ž .The entropy expressions Eqs. 28�30 require the full TMD
and PSD, and, thus, need a numerical solution to the popula-
tion balance equation. As we will demonstrate shortly, the
PSD entropy change can be easily calculated for an exponen-
tial distribution, which is a similarity solution for reversible

1 0 Žfragmentation�aggregation when k � x and k � x Mc-b a
.Coy and Madras, 1998 . For more general solutions to the

PBE, exact numerical solutions or moment approximations
Ž . Ž .are needed to obtain expressions for C 
 ,� and P 	 ,� . Of

course, particles in a stirred fluid are never at thermody-
namic equilibrium as energy is added by the mixing mecha-
nism, for example, through a rotating impeller. The energy
effects of breakage and aggregation are usually significant,
even in comparison to the substantial energy needed to sus-
tain stirring in the fluid. The entropy is a measure of mixing,
however, and shows the time evolution of mixing effective-
ness. According to the present view, a stationary state can be

reached by the particle-size and tracer distributions, and, thus,
also by the mixing entropy. The stationary state is dynamic,
with ongoing fragmentation and coalescence occurring along
with the concomitant exchange of tracer molecules.

Exact Similarity Solution
The entropy evolution for reversible random fragmenta-

1 0 Žtion�aggregation when k � x and k � x McCoy andb a
.Madras, 1998 can be exactly calculated for a system that al-

ways has a similarity solution, that is, an exponential distribu-
Ž .tion. In general for this case �s1 in Eqs. 13�15 , an arbi-

trary initial distribution evolves to the similarity form after a
time that depends on the deviation of the initial distribution

Ž .from an exponential form. McCoy and Madras 1998 showed
that if the initial condition is exactly an exponential distribu-
tion, then the solution is always an exponential that can be
written

Ž1. 2 w xP 	 ,� s P r� exp y	r� 32Ž . Ž .o

The analogy with statistical mechanics is worth noting: in the
canonical distribution the ratio of a particle’s energy to the

Žaverage thermal energy appears in the exponential Reif,
.1965 , whereas in Eq. 32 it is the ratio of the particle mass to

its average that appears. The moments for the similarity solu-
tion, Eq. 32, can all be simply represented as

P Ž j.sP Ž0.� j j! 33Ž .

pdŽ .so that the polydispersity, P � , is always 2 and the ratio of
the first and zeroth moments is the average mass

P avg � s� 34Ž . Ž .

The distribution is, thus, governed by the average particle
Ž .mass, � � , which satisfies the differential equation

d�rd�sy� 2q
 35Ž .

Ž .The proof given by McCoy and Madras 1998 demonstrated
that the moments for Eq. 32 satisfy the moment equation
Ž .Eq. 12 for all j subject to � satisfying Eq. 35. An alterna-

Žtive proof is based on substituting Eq. 32 into the PBE Eq.
.11 and performing the integrations. The PBE becomes an

equation with the coefficients of x0 and x1 satisfying Eq. 35
exactly. The exponential form of the solution, Eq. 32, is also

Žcompatible with an entropy maximization formalism Jaynes,
.1979; Englman, 1991; Denbigh and Denbigh, 1985 based on

Ž .the method of Lagrange multipliers Reif, 1965 applied to
entropy defined by Eq. 29. Together with constraints repre-
sented by the zeroth and first moments, the maximization
procedure yields Eq. 32. Only two constraints are required
when �s1, because the moments are simply related to each

Ž .other at all orders Eq. 33 . Other values for � would require
Ž .more constraints in general, an infinite number of moments ,

and, thus, would not lead to the similarity form, Eq. 32. The
ŽPSD computed by the numerical solution of the PBE Madras

.and McCoy, 2002 , however, is frequently found to be nearly
exponential, and, therefore, approximates self-similarity when
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plotted either as the distribution or its cumulative integral.
Therefore, as mixing entropy is influenced by the PSD evolu-
tion, the apparent self-similarity suggests that tracer mixing
will not be strongly affected by the mass dependence of the
fragmentation�aggregation rate coefficients.

Ž . Ž1. Ž0.With initial condition � �s0 s P rP s1, the solutiono o
to Eq. 35 can be written in two equivalent forms

1r2 1r2 y1 1r2� � s
 tanh �
 qtanh 1r
Ž . Ž .
2� 
 2� 
' ''s 1q e 
 q y1q e 
 rŽ . Ž .

2� 
 2� 
' ' 'y1q e q 1q e 
 36Ž . Ž . Ž .

Ž .which have the long-time limit McCoy and Madras, 1998

� �™� s
 1r2 37Ž . Ž .

ŽEquation 36 reduces to similarity expressions for 
 s0 frag-
.mentation only; Ziff, 1991

� � s1r 1q� 38Ž . Ž . Ž .

Žand to first-order in � for 
 �1 aggregation only; Friedlan-
.der and Wang, 1966

� � s1q
 � 39Ž . Ž .

The great advantage of Eq. 32 is its simplicity, permitting
Ževaluation of evolving distributions for any value of 
 the
.ratio of fragmentation and aggregation rate coefficients by

straightforward calculation of � , the average particle mass.
By substituting Eq. 32 into Eq. 29 and utilizing Eq. 33 with

integration over 	 , the expression for time-dependent en-

( ) ( ) ( ) ( )Figure 1. Time evolution of a PSD average mass, b PSD polydispersity, c TMD polydispersity, and d polydis-
( )persity mixing ratio, R , for random fragmentation � =3 , and �=0.pd
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tropy in units of R becomes simplyg

S � s1qln � � 40Ž . Ž . Ž .

so that the initial value is unity when � s1. If we want di-o
mensionless total entropy of all particles rather than entropy

Ž0.Ž .per mole of particles, we multiply Eq. 40 by P � s�. The
scaled entropy production rate from Eqs. 40 and 35

dSrd�s�y1d�rd�s 
 y� 2 r� 41Ž .Ž .

Ž .vanishes when the stationary state Eq. 37 is reached. Al-
though the TMD entropy calculation cannot be performed
for �s1, the similarity solution provides a convenient com-
parison for the PSD dynamics.

Results and Discussion
Numerical computations were confirmed by numerically

integrating the distributions according to definitions of the
Ž .zeroth, first, and second moments Eq. 11 , and comparing to

Žthe solutions of the differential equations for moments Eqs.
.25�27 . For all calculations, the agreement was accurate.

Long time calculations were also checked by reducing the time
interval of the numerical integration.

Results for the moments are plotted in Figure 1 for �s0,
Ž .random breakage � s3 , and various values of 
 . The initial

Žcondition is an exponential distribution, Eq. 32, with � �s
. Ž1. avgŽ .0 s1 and P s1. The average dimensionless mass, P � ,o

Ž .reaches the limit 
 at large times Figure 1a . The polydis-
pdŽ . Ž .persity, P � , for random fission � s3 in Eq. 27 starts

from its initial value 2 and approaches the value 6 at large
Ž . pdtimes Figure 1b . As already mentioned, P s2 is the simi-

Ž .larity solution value McCoy and Madras, 1998 when aggre-
Ž .gation totally dominates 
 ™� . The polydispersity for TMD

pd Ž .reaches a plateau at C s2 Figure 1c before approaching
the final value of 6 for all 
 . The ratio of polydispersity in-
dices for TMD and PSD increase to unity for all values of 

Ž .Figure 1d .

Polydispersity indices are plotted in Figure 2 for �s0,
Ž .midpoint breakage � s2 , and various values of 
 . Zeroth

and first moments are not affected by the fragmentation stoi-
chiometry, either random or midpoint, as already mentioned.

Ž .Ottino et al. 2000 comment on conditions for breakage into
two equal-size daughter droplets. For drops that are small
relative to a criterion containing the critical capillary number,
a two-dimensional extended flow causes a symmetric thinning
Ž .necking of the connecting liquid. Although the conditions
are constraining, the behavior is interesting as a limiting be-
havior.

Ž .For 
 �1, the polydispersity of both the PSD Figure 2a
Ž .and the TMD Figure 2b increases to a maximum before

declining to the limit value of 4. According to the definition
following Eq. 3, for constant total mass of particles, polydis-
persity depends on the product of zeroth and second mo-
ments given by Eq. 27a. Owing to the different rates of change

Ž .for the two moments when fragmentation dominates 
 �1 ,
the maximum polydispersity occurs, which is dependent on
the initial conditions. The polydispersity ratio, however, in-

Ž .creases monotonically to unity for all values of 
 Figure 2c

( ) ( )Figure 2. Time evolution of a PSD polydispersity, b
( )TMD polydispersity, and c polydispersity

mixing ratio, R , for midpoint fragmentationpd
( )� =2 , and �=0.
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( )Figure 3. Time evolution of a number distribution and
( )b mass distribution with exponential initial
condition for �=0 and � =0.01.

as the tracer is completely mixed among the particles. These
results agree with similar behavior shown in Figure 1 for ran-
dom fragmentation.

Particle distributions are plotted in Figures 3 and 4 for 
 s
Ž . Ž .0.01 and 100, respectively, both 1 as logarithm of number

Ž .distributions, and 2 as mass distributions. Initially, the dis-
tribution is exponential. Even though the PSDs are not ex-
actly similarity solutions, they are at least partially linear on
the semilog plots, suggesting why the self-similar approxima-
tion attributed to experimental data is frequently inferred.

When the initial condition for the TMD is a Dirac delta
Ž . Ž .distribution positioned at 
 s1, C 
 ,�s0 s� 
 y1 , the

identical-size particles fragment and aggregate, causing the
distribution to broaden. Figure 5 shows such broadening for
the mass distribution when 
 s1. At time �s1 small peaks
at 
 s2, 3, and 4 are evident and are caused by aggregation

( )Figure 4. Time evolution of a number distribution and
( )b mass distribution with exponential initial
condition for �=0 and � =100.

of particles of mass 
 s 1. The polydispersity mixing ratio
shows the evolution to unity for complete mixing of the tracer,
similar to Figures 1d and 2c.

The entropy change with time for �s0 is plotted in Figure
6. The TMD entropy increases during small values of time

Žfor all 
 as the tracer is mixed throughout the particles Fig-
.ure 6a . At some point, however, the fragmentation or aggre-

Žgation of particles, which causes entropy to decrease Figure
.6b , overwhelms the tracer effect, and entropy begins to de-

Žcline. The entropy difference between TMD and PSD Fig-
.ure 6c increases monotonically to its stationary state value.

Similarity solution
ŽAll the similarity solution results for �s1 and random

.fission illustrate the PSD behavior with an initial exponen-
Ž .tial distribution polydispersity of two . The evolution of the
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Figure 5. Time evolution of mass distribution with delta
distribution initial condition for �=0 and � =
1.

Ž . Ž0.Ž .zeroth moment Eq. 33 , P � s1r� , second moment,
Ž2.Ž . avgŽ .P � s2� , and average mass, P � s� , are plotted in

Figure 7 by evaluating Eq. 36 for � s1 and values of 
 rang-o
Ž .ing from 0.01 dominated by fragmentation to 100

Ž .dominated by aggregation . The average mass either in-
creases or decreases depending on whether aggregation or

Ž .fragmentation dominates. If 
 s1, � � s1 is constant with
time and serves as the dividing line between dominance of

Žaggregation or fragmentation. Stationary states long-time
. 1r2asymptotes are given by �s
 . Because the polydispersity

Ž . Ž .s2 and the first moment s1 are invariant in time, the
second moment is always twice the average mass.

Figure 8 shows the self-similar evolution of an initially ex-
Ž .ponential distribution, � �s0 s1, for fragmenting parti-

cles, 
 s0.01. Also plotted is the mass distribution, defined
Ž .by 	 P 	 ,� d	 and representing the mass of particles in the
Ž .interval 	 , 	 qd	 . At the longest times, the mass distribu-

tion becomes steeper and narrower as it evolves to a delta
distribution located at 	 s0. Figure 9 for aggregating parti-
cles, 
 s100, shows the evolving distributions becoming
broader and shallower with time. The agreement with Fig-
ures 3 and 4 for the case �s0 is obvious.

Ž .In Figure 7d the entropy time dependence Eq. 40 is plot-
Žted for several values of 
 . When aggregation dominates 


.�1 , entropy per particle increases as fluid elements are
mixed into fewer particles. When fragmentation dominates
Ž .
 �1 , the entropy per particle decreases because fluid ele-
ments are separated into a larger number of particles. When

 s1, the number of particles does not change. The total
PSD entropy for both aggregation and fragmentation de-
creases because of division by increasing � , which follows
from Eq. 40 and the definition of Stot

Ž0. w xS � s P � S � s 1qln � � r� 42Ž . Ž . Ž . Ž . Ž .tot

Because the entropy of the turbulent fluid increases much
more than the entropy for the particles decreases, the en-

( )Figure 6. Entropy per particle in units of R versusg
( ) ( ) ( )scaled time �=0 for a TMD, for b PSD,

( )and c for the difference.
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Ž .tropy of the entire system particles plus turbulent fluid in-
creases overall due to the energy input. The Second Law of
Thermodynamics is, thus, satisfied. An analogy with gas com-
pression may be helpful in understanding the entropy de-
crease of particles alone. The molar entropy of an isothermal
ideal gas process varies with pressure p according to dSs
yR d ln p, so that compression decreases the gas entropy,g
even as the entropy of the gas surroundings increases.

Conclusion
As in most studies of dynamic systems, we wish to describe

mathematically how a fragmentation�aggregation system
Ž .evolves relaxes to stationary states. Because the fundamen-

tal variable is the particle-size distribution, fragmentation�
aggregation dynamics are distinct from typical transport and
reaction relaxation kinetics, which focus on local thermody-

namic properties such as temperature, concentration, or ki-
Ž .netic energy fluid velocity . Other systems that fall into the

category of distribution kinetics are polymerization and de-
polymerization, crystal growth and dissolution, and microbial
propagation and growth. In all these cases, moments of the

Ž .property size such as with respect to particle mass represent
observable quantities. In this and other work we have di-

Žrected our attention to spatially homogeneous systems the
treatment of the steady-state plug-flow tubular reactor is
merely a transformation of time for the batch reactor to dis-

.tance over axial velocity . The governing equation is the PBE,
an integrodifferential equation that gives rise to a hierarchy
of ordinary differential equations for moments of increasing
order. The rate coefficients for the PBE embody all the sys-
tem characteristics, such as operating, geometric, and fluid
properties, pertaining to the dynamics. Details of the aggre-
gation�fragmentation processes, including the mechanics of

( ) ( ) ( ) ( )Figure 7. Time evolution of a zeroth, b second moments, c average mass vs. time, and d entropy per particle
( ) ( ) 1r2�=1, � =1 ; stationary states long-time asymptotes are given by �™� .o
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( )Figure 8. Time evolution of a number distribution and
( )b mass distribution for �=1, � =1, and � =o
0.01.

viscous, inertial, interfacial, deformation, and thermal effects,
are incorporated into the rate coefficients.

O ur approach illustrates how tracer mixing in
aggregation�fragmentation processes is based on the govern-
ing population balance equation for the continuous particle-
size and tracer-concentration distributions. The PBEs can be

Ž .solved either by moment methods for special cases or in
Ž .general by numerical techniques. One special case �s1 has

an exact similarity solution, although many solutions approxi-
mate self-similarity, in particular, the case �s0 treated here.
The similarity solution provides a simple comparison compu-
tation for the evolving particle-size distribution. The degree
of mixing can be represented by the difference of the entropy
of the TMD and of the PSD, which increases to a stationary-
state value for different levels of concurrent aggregation and
fragmentation. Simpler measures of mixing are based on ra-

( )Figure 9. Time evolution of a number distribution and
( )b mass distribution for �=1, � =1, and � =o
100.

Ž .tios of the second moments variance or polydispersity of the
TMD and PSD. The computations yield results for an ideal-
ized model system that can be readily solved, providing infor-
mation that can guide more general attempts to understand
mixing in dispersed, turbulent systems.
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